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Abstract. Because of its apparent complexity, the discussion of Wigner rotation is usually
reduced to the study of Thomas precession, which is too specific a case to allow a deep understanding
of boost composition. However, by using simple arguments and linear algebra, the result for the
Wigner rotation is obtained straightforwardly, leading to a formula written in a manageable form.
The result is exemplified in the context of the aberration of light.

1. Introduction

One of the most puzzling phenomena in special relativity is the composition of boosts. When
one contemplates the form of an arbitrary boost [1], it becomes clear that the expression for the
composition of two generic boosts will be very complicated. As is known, the composition of
boosts does not result in a (different) boost but in a Lorentz transformation involving rotation
(the Wigner rotation[2]), Thomas precession being the example normally worked out in
textbooks [1,3-5]. In this example, one is composing two boosts along mutually perpendicular
directions; for small velocities a second-order approximation allows one to get a result that is
appropriate to understand the precession of the spin of an electron inside an atom.

Of course, the composition of two arbitrary boosts has also been studied in the literature
[6-8], but generally the treatments are too involved to capture the Wigner rotation easily.
Sometimes the papers are aimed at the understanding of certain properties of the Lorentz
group, instead of looking for a straightforward way to get the Wigner rotation, leaving in the
reader the impression that this topic is complicated, and cannot be comprehended without an
involved analysis. Moreover, the expressions are often difficult to use in practice, and the
concepts are frequently hidden behind the abundance of mathematics. The composition of
boosts and the Wigner rotation are therefore virtually absent from textbooks (save for the very
specific case of Thomas precession). One is then left with the impression that the subject is
subtle and difficult. Of course this is true, but not to the point of preventing its treatment with
simple mathematical tools.

In this paper the aim will be different. Our prime interest is in the Wigner rotation; we
choose the composition of boosts as a specific issue, because some characteristics of boosts are
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highlighted particularly well, the power of linear analysis is demonstrated at its best, and, of
course, because itis interesting in itself. The mathematical tool that we will use is simple linear
algebra. After all, boosts are linear transformations. However, the key point is that boosts are
symmetric linear transformations. This simple property will allow us to effortlessly compute
the Wigner rotation (see equation (8) below). Moreover, the understanding of the reason that
makes the boosts symmetric will reveal some simple, basic facts that are often passed over in
textbook treatments. A second goal of this paper is to present simple formulae for computing
the Wigner rotation. Their simplicity does not reside in their explicit form; the final result will
always be messy. However, we want to give equations that are operationally simple in order
that the computation of the Wigner rotation should be a simple ‘plug-and-play’ procedure.

2. Composition of boosts

We will start by considering the composition of two boosts along mutually perpendicular
directions. Before embarking upon calculation, one should be sure about what one is looking
for: one is wondering whether the composition is equivalent to a single boost or not. There
are various ways of understanding this topic, depending to a large degree on the particular
expertise and taste of the reader. For the moment we will content ourselves with a mathematical
explanation. In section 3, we will clarify the meaning of the Wigner rotation by a physical
example concerning the aberration of light.

One could give an answer to the question by starting from the fact that boosts are
represented by symmetric matrices. On the one hand one knows that aBpasng the
x-axis is actually represented by a symmetric matrix, and on the other hand one could get
a generic boost by performing an arbitrary spatial rotatidy: — RB,R~:. Since the
rotations are orthogonal matrices, then a boost along an arbitrary direction is also represented
by a symmetric matri8 = RB,R" (BT = B), whose form can be found in the literature [1].

This symmetry can also be regarded as a reflection of the fact that boosts leave fourindependent
directions in spacetime invariant: namely, (i) they do not modify the light-cones; on the light-
cone there are two independent directions, belonging to light-rays travelling back and forth
along the boost direction, that remain invariant (see appendix A); (i) in addition, the spacelike
directions that are perpendicular to the boost direction are also left unchanged (a further two
independent directions). Then, boosts have four independent real eigen(four)-vectors, and
their representative matrices must be symmetric (i.e. diagonalizable). In contrast, a (spatial)
rotation changes the directions belonging to the plane where it is performed.

Since the product of matrices representing boosts is non-symmetric (unless both boosts are
parallel), then one can answer that the composition of two boosts is not, in general, equivalent
to a single boost. So we are compelled to analyse the result of the composition of two boosts
as being equivalent to the composition of a boost and a rotation. Again the symmetry of the
boosts will allow us to identify the rotation in the result.

2.1. Composition of mutually perpendicular boosts

Let there be two boost matrices along thandy directions:
n -»npr 0 0

—v1B1 V1 0 0
Bo=1 "o 0 10 @)
0 0 01
2 0 —pwp O
0 1 0 0
B, = 2
”) 22 0y O @
0 0 0 1
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The product of these two matrices yields

2 0 —yp O n -—np 00
BB — 0 1 0 Ol »nhr »n 00
OFOTN 0y 0O 0 0 10
0 0 0 1 0 0 0 1
ya2vi  —vanibr —y2f2 O
_| nh 141 0 0 3)
—vaniBz2 veviBefr 2 O
0 0 0 1

which is non-symmetric, as anticipated. Note that if one wants to speak about inertial systems,
there are three of them here: the initial system from wisicis defined, the second which is the
result of applying the first boost and from whighis measured, and the final one obtained as
aresult of making the second boost. These systems are all taken with their spatial axis parallel
to the previous one. These considerations are not important in working out the computations,
but are crucial when one wants to interpret them physically. So, we will write equation (3) as
the product of a boost; and a rotatiorRt:

B(y)Bx) = RBy (4)
where
1 0 0 0
R 0 co§9W sinby O 5)
0 —sinfy cosfy O
0 0 0 1
Therefore
1 0 0 0 Vo1 —y2yiBr —y2B2 O
B—rp B _ 0 coshy —sinGy O b1 Y1 0 0
! ) 0 sinbw coshw O | —y2viBo yoy1BaBi y2 O
0 0 0 1 0 0 0

V21 —y211B1 —yB2 0

| (=r1Brcosbwty2r1B2Sinbw)  (y1C0SOw —y2y1B2P1SiN0w)  —y2Sinfy O
(—y1B1SiNOw —y2y182C080)  (y1SiNbw+y2y1B261C080w)  y2C0shy O |

1

0 0 0
(6)
The angledy can be obtained by demanding the symmetry of the matyix
—y28iNBy = y1SiNBy + y2y182P1 COSHKY (7)
i.e.
tanéy = — v2Y1B281 ®)
v2ty1
or
. Y2Y1B251 v2tn
sinfy = —————— coshy = ——. 9
yay1+1 yay1+1 ®)

T One could also opt foB’, R. The argument is the same; note also &Y = B R implies By = RTB’fR.
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By replacing these values, one finds that the b@gsis

Vo1 —Y2v181 —y2B2 0
2.,2n2 2
YaViPB Vs V1B2P
—y2y1B1 (1+ 2’1 l) ROl
B, — e+l vayitl 10
f= 2 ( )
—vopo v v1B2B1 v2(y2 + 1)
v2y1t+1l yoy1+1
0 0 0 1

which is a boost along some direction in they plane. In order to find this direction, we will

look for the direction in the—y plane that is left invariant by the booBy;, i.e. the direction

that is orthogonal to the direction of the boost. Since the vectors that are orthogonal to the
direction of the boost do not suffer changes (either in direction or magnitude), one can write
Byw = w for such a four-vector, or

V2v1 —Y2v181 —Y282 0
2.,2R2 2 0 0
—yonpr <1 + YoV1 ,81 ) Y2 v1B281 0 ; :
vy tl Yy +1 wh | w 11
2 y | y |- (11)
V5 Y1B2B1 v2(y2 +y1) w w
—y2B2 0 0 0
y2y1t+1 yey1+1
0 0 0 1

As a consequencg Siw* + Bow? = 0, which can be read by saying that the vector
w*x + w”y, in thex—y plane, is orthogonal to the vectprB.x + B,y. Thus this last vector
is in the direction of the boosB,. In order to identify the velocity of the boogt;, one
could consider the displacement four-vector between two events that happen at the same place
in the original coordinate systemA = (A7, 0,0,0), At being the proper time. Since
A — BfA, in the boosted coordinate system the time interval between the evepis ist.
From the known relation between proper time and coordinate time, one obtains the result
that the gamma factor (in other words, the velocity) of the badsis y; = y2y1. Then
B2 =1-y;?=1-y;%y;?=1—(1-BDH(A— B} = B2 +y; *pZ. This result, together
with the direction of the boost, completes our understanding of the transfornitian
In summary, the composition of a boost along thexis with velocity 8; followed
by a boost along the axis with velocity 8, is equivalent to a single boost with velocity
B = Bix +y; 18, (the relativistic composition of velocities), followed by a rotation in the

x—y plane by an angléy = — arctan(y2y18281/(v2 + y1)), i.€.

B(y)(B2) Bx)(B1) = R(Ow) By (12)
where
By = P& +y; Bod (13)
and as before
tanfy = —M. 8
2t n

As a preparation for the next section, note that we can read (12) backward to note that any
boostB in thex—y plane can be decomposed into two mutually perpendicular boosts followed
by a rotation:

B=R"1'B Bu. (14)

T Alternatively, the velocity of a boodt(8) can be straightforwardly read from the first file of its matrix. Indeed, in
order that the time transformation adopts a form manifestly invariant under spatial rotatioasy (ct — 3 - r), the
first file must be(y, —y3).
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2.2. Composition of arbitrary boosts

Equipped with the previous understanding of the composition of two perpendicular boosts, let
us tackle the general case. A generic composition of boosts can be seen as the composition of
a boostB,) of velocity 3,, and a second boo#t of velocity 3 = 3, + 3, where|| and L

mean the parallel and perpendicular directions with respect to the first Bpostince the

Wigner rotation is a geometric result (it only depends on the velocities of the boosts and
the angle between them), one is free to choosextheplane as the plane defined by both
velocities, ther axis as the directiofi, and they axis as the directiori.. Although a generic
composition of boosts could demand formidable algebraic manipulations, we will be able to
get the result by using only the results of the previous section. The key to attaining our goal
will be the decomposition (14). In fact, the main difficulty comes from the fact that the second
boost has componenfsandy. Our first step will consist in rewriting the second bodst

as a composition of a boost aloigand another boost along This was done formally at

the end of the preceding section. We can thus use equation (14) to regard the second boost
B(B = Byx + B.y) as a product of a rotation and two mutually perpendicular boosts, i.e.

B(B) = R™N($) By (B29) B (By%) (15)
where
B2 =v1BL (16)

inorder that the relativistic composition of the velociigs andg.y gives bacl@ = g x+8. 5.
Theny, = yy; !, withy = y(8), and

_ranBBy _ _ yniBib
Y2ty VV‘fl |

At first glance it would seem to the reader that we are going backward, decomposing the
boosts instead of composing them. The advantage of doing this will become clear in a few
lines. We can now turn to the composition®€3) and B, (B.X):

B(B) Bt (BaX) = R () By (B29) Bvy)(Bi%) Biay(Buk)
= R (¢)B()(B23) By (B1%) (18)

tang = a7

where
_ Pith
1+8)8a

denotes the velocity corresponding to the composition of two parallel boosts fthen
v1va(1 + B)B.)). Note that we combined the two consecutive boosts irxtHeection using

the well known velocity addition formula. In this way one falls back to the composition of
the two remaining mutually perpendicular boosts. At this point, let us recall our objective:
we want to regard the compositid(3) B, (B.x) as the product of a rotatioR(6y) in the

x—y plane and a boosts. Then

R(6wW)B; = B(B) By (Bat) = RH@) By)(B23) By (Prk) (20)
which means
R(Ow +@)Bs = B(y)(B2)) B (B1X). (21)

The good news is that we have already solved this expression in the previous section. The
matrix By is that of (10) with the velocities of (16) and (19). As shown thétg,s a boost
whose velocity3 , comes from the relativistic composition of the velocitis and g y:

B+ Ba P v 181 5
1+8B.  1+pBBa

B1 (19)

By =Bk +y Bod = (22)
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i.e. 3, is the relativistic composition g8, and3. The anglg6w +¢) in (21) must satisfy (8):

_ yv2viBapi _ BL(By + Ba)
vzt v 2va t+y L+ BBl

Since tariby + ¢) = (tanby + tang)/(1 — tandy tang), one concludes that the Wigner
rotation for the compositioB(3 = ;X + 8.Y) B (8, = B.X) is a rotation in the spatial
plane defined by the directions of both boosts, whose ahgis given by

¢ —tang

tanfy = ————. 24

anow 1+¢tang (24)
Recall that|| and L in these equations mean the parallel and perpendicular directions with
respect to the first boog,, in the spatial plane defined by both bog8tsand3. The velocity
B = Byx + BLy is measured by an observer at rest in the system defined by the firsyhoost
Note thatz and¢ are readily obtained from the data, namgly 8, andg, via equations (23)
and (17).

tanbw + ¢) = g. (23)

3. Aberration of light

We will show an application of Wigner rotation in the context of the aberration of light (i.e.
the change in the direction of propagation of a light-ray produced by a boost). For simplicity
we shall work with two mutually perpendicular boosts. Let us choose tnes to coincide

with the propagation direction of the light-ray. A first bodkt,(B1) leaves the propagation
direction invariant, while a second bodsy, (82) changes that direction according to the law

of the aberration of zenithal starlight:

8c = arccogy, (25)

whered, is the angle between thedirection in the original coordinate system (the light-ray)
and thex direction after the composition. Thisi®t the aberration angle due to a boost with
the relativistically composed velocify, = p1x + y{lﬁzﬁ. The Wigner rotation provides the
difference between these two angles.

In fact, in appendix B the aberration angle for a boost with vela@ity= p1x + yl*1ﬁ2§
has been computed; the result is

5 _ arccod LT B+ Gs it — B) 26)
(B2 + vy 2B3) '

The difference between equations (25) and (26) is due to the fact that the diegction in

the two processes is not the same. So the boost associated with the relativistically composed
velocity 3, must be completed with a rotation, in order to yield the aberration coming from
the composition of boosts. The rotation angjle §; is the Wigner angle (8). To make contact

with our previous method, what we are saying is that in the first case

c C
o8¢
By (B2) B(x)(B1) (C) = y1y2(1— B1) Zsins((s ))
0 0
while in the second case
c C
) L )
R(Ow) B (Brx + 1 629) (C) = R(Ow)y1y2(1— B1) ZZTFT((S))
0 0
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c

_ - ¢ cos(s — 6w)
=y1y2(1—B1) cSinG — Bw)
0

SinceB(,)(B82) Bix)(f1) = R(6w)Bs(B1X + yl‘lﬁzy), thens — 6y = §. as stated above. The
multiplicative factory1y»(1 — B1) is the Doppler shift.

4. Conclusions

Our argument for working out the Wigner rotation can then be given in a nutshell as follows.
First, a boost along the direction is manifestly symmetric. One can also understand this
feature by noting that there are two null eigenvectors along the null cone (with eigenvalue
equal to the Doppler shifts) and two trivial ones (along thand z axes). Now, since a
generic boost is obtained by a rotation of the axis &d = R (i.e. R is orthogonal), the
matrix representing a generic boost stays symmetric (or, equivalently, it will preserve its four
eigenvectors with real eigenvalues). The symmetry allows us to easily compute the Wigner
angle in the case of the composition of two perpendicular boosts. Now in the generic case,
the problem can be cast in a form identical to the previous one, after carrying out a proper
decomposition of the boosts into two mutually perpendicular directions. Thus the answer is
written without any difficult algebraic computing.

Physically not intuitive due to the lack of any Galilean analogue, Wigner rotation has been
relegated to some corner of knowledge. Although Wigner rotation is challenging both in terms
of mathematical skill and physical intuition, its computation is nonetheless within the reach
of elementary analysis and it is an instructive way to apprehend the subtlety inherent in the
subject.

Appendix A. Eigen-directions of a boost

We will show the two null eigen-directions of a boost explicitly. Let the boost be in the
X direction; dropping the two invariant spatial directiohsand z, and working just in the
t—x plane, the orthogonal transformation required is

r_ 1 (1 -1\ vy -yl 1 1
o= ) Va4

yd+B) 0 )
= . Al
< 0 yd—=8) (A1)
The coordinate change is simply
U= %(et —X) (A2)
V= i(ct +x) (A3)
V2

which are the so-called null coordinates. The eigenvalues associated with the null directions
are the relativistic Doppler shift factors (this is, of course, not a surprising result). This change
of coordinates is not a Lorentz transformation, because it does not leave the Minkowski metric

invariant:
0 1) DG )=o) 2
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This is evident when we look at the transformation on a Minkowski diagram: it amounts to a
rigid rotation of 45 in the anticlockwise sense in space—time instead of the famous ‘scissor-
like’ picture of the Lorentz transformation. This can be traced to the fact that the proper
Lorentz group is isomorphic t0 (1, 3) instead ofO (4). The matrixO in (Al) belongs to the
groupO (4).

Appendix B. Computation of the aberration angle

To begin with, we will recall the aberration angle due to a baggf(g). If the light-ray
propagates in the directioh = (cosy, siny, 0), the transformed directiof’ is obtained
by applying the usual Lorentz transformation to the veloeity= cnz, which transforms to
u =cn'

o ( cosy — B ’ sinyr ’ > ' (B1)
1—pgcosy y(1— Bcosy)
The aberration angle is
N 1 1
cosé =n-n = m [COSK[I(COS\[/ -B)t+y lSIrIZW] . (BZ)

In getting this result, the-axis was chosen in the direction of the boost because of practical
reasons. But, of course, the aberration angle depends only on the ngramdfthe angle/
between3 and the light-ray.

Let us now study the problem proposed in the body of the text. Let there be a boost with
velocity B, = pii + )/171,32)7, and a light-ray travelling along the axis. Then, using the
substitutions

B1 p1

O S S o SO (W
N by B2+ 22

in (B2) (the minus sign is due to the fact that the anglés measured in the anticlockwise
sense fronB, to ), after some algebra one obtains

B2+ BE(L+B1) (v vyt — B1)
B2 +y 22

i.e. in the boosted system the angle between the light-rayx(tb&ection in the original
coordinate system) and the boost directioffis= v + 6.

The result (B3) can be compared with that corresponding to the boost composition
B(y)(B2) Bxy(B1). Thefirstboost does not produce aberration, since it has the same direction as
the light-ray. The second produces an aberration that is a particular case of (BB) wit8:

C0S6 =

(B3)

CoS8c = y, . (B4)

Of course, the same result is recovered from (B2) by replagirgs, andy = 7 /2.
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